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Abstract. We discuss the observability of circular polarisation of the stochastic gravitational-
wave background (SGWB) generated by helical turbulence following a first-order cosmological
phase transition, using a model that incorporates the effects of both direct and inverse energy
cascades. We explore the strength of the gravitational-wave signal and the dependence of
its polarisation on the helicity fraction, ζ∗, the strength of the transition, α, the bubble size,
R∗, and the temperature, T∗, at which the transition finishes. We calculate the prospective
signal-to-noise ratios of the SGWB strength and polarisation signals in the LISA experiment,
exploring the parameter space in a way that is minimally sensitive to the underlying particle
physics model. We find that discovery of SGWB polarisation is generally more challenging
than measuring the total SGWB signal, but would be possible for appropriately strong tran-
sitions with large bubble sizes and a substantial polarisation fraction.
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1 Introduction
One of the most interesting scientific targets for upcoming gravitational-wave (GW) detectors
is the stochastic gravitational-wave background (SGWB) [1, 2]. This SGWB could come from
many sources including primordial inflation [3] astrophysical sources [4] and strong phase
transitions in the early Universe [5–7].
The most easily measurable characteristic of a SGWB is its frequency spectrum, but
this provides limited insight into its origin. Further valuable information could be provided
by its intrinsic circular polarisation, which is due to a difference between the amplitudes of
GWs with left and right polarisations. A SGWB generated by astrophysical sources would
have negligible net polarisation, since it arises from multiple uncorrelated sources. However,
a cosmological SGWB could be generated coherently over large scales, and might exhibit net
circular polarisation if interactions that violate parity were important in the early Universe.
Indeed, polarisation of the SGWB could in principle arise from a variety of physical mecha-
nisms in the early Universe, for example gravitational chirality and modifications of gravity
at high energies [8–10], pseudoscalar-like couplings between the inflaton and gauge fields [11–
13] and helical turbulence created during a first-order phase transition [14, 15]. Thus the
polarisation of the SGWB could be an important diagnostic tool for probing fundamental
physical processes in the early Universe.
With regards to the detectability of polarisation of GWs, we recall that a single linear
interferometric detector cannot probe circular polarisation in the SGWB, because it cannot
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distinguish between left- and right-handed GWs with the same wave vector ~k. Nor can a
planar interferometer detect circular polarisation in an isotropic SGWB: it cannot distinguish
a left-handed GW with a wave vector ~k from either a right-handed GW of the same amplitude
or a wave vector ~k′ that is the reflection of ~k in the plane of the interferometer. However,
there is a considerable body of work on the detection of polarisation in the SGWB using
the orbital motion of one or multiple planar GW detectors [16–21], and we note that initial
constraints on the polarisation of the SGWB have already been provided by LIGO [22].
As pointed out in Ref. [17], the isotropy of the SGWB is broken by our motion relative to
the cosmological reference frame, which induces a dipole in the SGWB. This can be detected
as a difference in the amplitudes of the GWs arriving from the ~k direction compared to those
from the ~k′ direction, and therefore enables a planar interferometer such as LISA to probe the
possible net circular polarisation of a SGWB. This effect was used to put a lower limit [23]
on the strength of a fully-polarised constant SGWB, ΩGWh
2 ' 10−11, in order for it to be
detectable by the LISA experiment [24] or the Einstein Telescope (ET) [25].
In this work we focus on the polarisation of the SGWB that might have been generated
by helical turbulence following a first-order phase transition in the early Universe. The
Standard Model (SM) of particle physics would not have caused a first-order transition,
proceeding instead via a crossover [26], but many proposed extensions of the SM would have.
Examples where the SGWB from a phase transition has been studied include scenarios for
baryogenesis at the electroweak scale [27–37], models with hidden sectors [38–47], an extended
gauge group [48–55] or higher-dimensional interactions among SM fields [56, 57], and many
other models [58–78]. These examples illustrate how the SGWB may be an interesting probe
of many scenarios for possible new fundamental physics beyond the SM, and a partnership
between GW detectors, collider and other laboratory experiments could help distinguish
between them.
The subject of helical MHD turbulence in the primordial plasma from such a transition
has been extensively discussed in the literature [79–82] and is often looked at in the context of
its impact on any potential primordial magnetic field [82–84]. However, more recently some
effort has been put into understanding the potential effects it could have on the period of GW
generation expected after a first-order phase transition and whether this could be imprinted
on the GW spectrum [7, 15, 85–88]. For the purpose of our work we are particularly interested
in assessing the detectability of a potential net circular polarisation of the SGWB arising from
helical MHD turbulence following a first-order phase transition.
In order to be relatively insensitive to the details of models, we characterise them by
the helicity fraction, ζ∗, the strength of the transition, α, the average bubble size, R∗, and
the temperature, T∗, at which the transition is completed. We calculate the prospective
signal-to-noise ratios (SNRs) of the SGWB frequency spectrum and polarisation signals for
LISA.
The outline of our paper is as follows. In Section 2 we review and discuss how helical
turbulence in the primordial plasma may source polarisation in the SGWB generated during
a first-order phase transition. In Section 3 we calculate the spectrum of the SGWB, and
in Section 4 we present our calculation of the possible polarisation of the SGWB. Section 5
presents our results for the observability by LISA of polarisation in the SGWB as a function
of the strength of the first-order phase transition, the bubble size and the temperature at
which the tranistion occurs, as well as the assumed initial helicity fraction. Finally, Section 6
presents our conclusions.
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2 Stochastic gravitational wave background from helical turbulence
In this section we discuss relevant aspects of the epoch following the phase transition, during
which we expect magnetohydrodynamic (MHD) turbulence to be generated in the primordial
plasma.
The turbulent regime develops over time due to a system of eddy currents that are first
generated at the scale of the bubble radius, R∗, and subsequently extend over a range of
both larger and smaller length scales. This network of eddies allows for plasma and magnetic
energy, both initially concentrated at the scale R∗, to be spread throughout the MHD system
in a ‘cascade’ of energy, as discussed in [89]. Once MHD turbulence has fully developed at
a given scale it decays freely, and we expect equipartition between the plasma and magnetic
energy densities, ρB ∼ ρK ∼ ρeq.
As we discuss further in Section 2.2, the behaviour of the turbulence can be dramatically
changed if the initial magnetic field left over after the phase transition has a non-zero helical
component [90]. Such magnetic helicity could be generated via a variety of mechanisms
including bubble collisions at the electroweak [91, 92] or QCD [93, 94] phase transitions,
baryon-number-violating processes such as decaying non-perturbative field configurations,
e.g. electroweak sphalerons [95], or even via inflation [96]. We do not discuss further the
possible origin of this helical turbulence, but parametrise it by the initial helicity fraction of
the magnetic field left over after the transition.
2.1 Direct cascade turbulence
Collisions of bubbles at the end of the phase transition cause stirring of the primordial
plasma on scales close to the average radius R∗ of the bubbles. In order to compute the
characteristic velocity of such turbulent motions at the beginning of the turbulent period, we
first identify two distinct forms in which the liberated vacuum energy, typically quantified by
α = ρvac/ρrad, is initially deposited. We express these forms quantitatively via GW efficiency
factors κi.
First, a fraction of the available vacuum energy goes into accelerating the bubble wall,
which is expressed using the GW efficiency factor κcol. This fraction should generally be
subtracted from the total energy subsequently deposited into the plasma. However, we will be
dealing with transitions that are not strong enough to produce a runaway scenario, meaning
that bubble walls will reach a terminal velocity due to their friction with the surrounding
plasma long before collision. Therefore, it is valid to assume that essentially all the energy
is transferred to the plasma, so that αeff = α (1− κcol) ≈ α [57].
The vacuum energy deposited into the plasma can either be transferred into bulk fluid
motion that sources GWs or can be used in heating up the plasma itself. Thus, as is common
in the literature, we finally express the fraction of vacuum energy in our GW source as the
fraction transferred into fluid motion [24, 57, 97]:
κsw =
α
0.73 + 0.083
√
α+ α
, (2.1)
where we have assumed for simplicity that the speed of expansion of the walls is relatively
fast, with vw ≈ 1. We can then express the RMS fluid velocity as [89, 98]
Uf =
√
3
4
α
1 + α
κsw . (2.2)
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Assuming that all the energy left in the bulk fluid motion when the flow becomes nonlinear is
converted into vortical turbulent motions of the plasma, we take κturb ≈ κsw [57] and assume
that the characteristic velocity of the plasma at the beginning of the turbulent period is as
shown in Eq. (2.2).
This initial vortical fluid motion drives the formation of a hierarchy of eddy currents,
first on scales around the bubble radius and subsequently on scales λ ≤ R∗. This is known as
the ‘direct energy cascade’. We parameterise the turbulent system with λs, which describes
the maximum scale at which the turbulence is correlated and thus physically represents the
size of the largest eddy. During the direct cascade period energy is transferred from the
initial correlation scale of the turbulence λs ' R∗, to increasingly smaller scales until it is
viscously dissipated as heat at the dissipation scale of the plasma, λd.
The distribution of magnetic and plasma energy at different scales in a direct cascade
is known to follow a Kolmogorov decay law ρ∗,i(λ, t∗) ≈ ρ∗,iλ−2/3 [86, 99]. We assume that
this direct cascade period of turbulence lasts for a few times longer than the characteristic
turn-over time of the largest eddy, τ0 = R∗/Uf , so that the hierarchy of eddy currents have
time to equilibrate.1 Thus the duration of this stage of turbulence is τdirect = s0τ0, where in
this paper we make the representative choice s0 = 3 [99].
2.2 Inverse cascade turbulence
We expect helicity to be conserved in a highly conductive plasma. Thus, if there is some initial
helicity left over in the magnetic field after the phase transition, which we parameterise with
the initial magnetic helicity fraction ζ∗ as defined in [99], we expect it to be approximately
conserved during the direct cascade period of turbulence. After this stage the turbulence,
with the plasma and the magnetic field both in equipartition, relaxes to a fully helical state,
since the non-helical turbulent energy is fully dissipated away at small scales in contrast to
the conserved helical component [89].
This results in a second period of ‘inverse cascade’ turbulence following the direct cas-
cade stage, during which the remaining fully helical turbulence can only be transferred to
scales that are increasingly larger than the bubble radius. For large enough initial helicity
fractions, this can result in a rapid increase in the correlation length of the turbulence, λs,
which corresponds physically to a large increase in the size of the largest eddy, compared
with the direct cascade period.
Following Model B outlined in [80], we compute the GW output during the inverse
cascade period by adopting a stationary turbulence model wherein, rather than consider-
ing freely-decaying turbulence, we consider stationary turbulence with a duration time that
depends on the scale, k, being considered, i.e.,
τinverse(k) ≈ τ1
(
k0
k
)3/2
, (2.3)
where τ1 ≈ R∗/v1 = τ0/ζ1/2∗ is the characteristic eddy turn-over time of the largest eddy at
the beginning of the inverse cascade, and v1 ≈ ζ1/2∗ Uf is the associated characteristic plasma
velocity. Thus we can express the turn-over time associated with the scale, ks, of the largest
eddy in the inverse cascade as
τs ≈ τ1
(
k0
ks
)3/2
. (2.4)
1The eddy turn-over time is defined as the time it takes for an eddy at a given plasma scale to complete
one full revolution.
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In the absence of any effective mechanisms for dissipating the turbulence at the largest scales,
an inverse cascade can cause the correlation length of the magnetic field to increase greatly
during this period, limited only by the Hubble expansion of the universe. Thus, the inverse
cascade stops either when the correlation length of the turbulence, λs, reaches the Hubble
radius,
λs ≤ H−1∗ , (2.5)
or when the turn-over time of the largest eddy, τS , reaches the expansion timescale,
τS = τ1
(
k0
kS
)3/2
=
λ
3/2
s
Ufζ
1/2
∗ R
1/2
∗
≤ H−1∗ . (2.6)
Since R∗H∗, Uf and ζ∗ are all less than unity, we see that the inequality Eq. (2.6) gives a
stronger condition than (2.5). Thus we obtain an expression for the scale at which the inverse
cascade stops by saturating the inequality
λs
R∗
≤
(
Uf
R∗H∗
)2/3
ζ
1/3
∗ . (2.7)
2.3 Sourcing GW from turbulence
We consider statistically homogeneous and isotropic turbulence, which sources GW lasting
for a limited time τT < H
−1∗ , so that the expansion of the universe may be ignored during the
period in which the gravitational radiation is produced. Furthermore, following [99, 100], we
make the additional simplifying assumption that direct cascade MHD turbulence decaying on
a time scale τdirect is equivalent to stationary turbulence with duration τdirect/2, as justified
by the argument for unmagnetised turbulence in [101]. For the inverse cascade period we
also consider stationary turbulence [99], but this time with a scale-dependent duration time
as outlined in Section 2.2. There has been some debate in the literature [7, 100], regarding
the extent to which assuming a stationary source is a valid simplification. However, whilst
such an approximation has limitations, it is currently the only available model that has
a complete treatment of helicity and inverse cascade turbulence, and hence the potential
polarisation signal. Thus, our results may be considered as a demonstration of principle,
which may be used as a prototype for other, more sophisticated calculations. We expect that
our results will be refined as many unknowns in the simulation and modelling of turbulence
are clarified.
As shown in [100], in order to find the total GW energy density at a point in space and
time we integrate over a spherical shell centered at that point that contains all GW sources
with a light-like distance from such an observer. The thickness of the shell would then
correspond to the duration of the phase transition, and its radius would correspond to the
proper distance between observer and source along a light-like trajectory. Following [99, 100]
we can estimate the ensuing GW signal strength with ±25% accuracy by working in the
aero-acoustic approximation (k→ 0). Using our premise that the source is homogeneous and
isotropic and making the aforementioned simplifying assumption that the source is stationary,
the integral for the total GW energy density finally simplifies to
ρGW(ω∗) =
dρGW
d lnω∗
= 16pi3ω3∗Gw
2τTHijij(0, ω∗) , (2.8)
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where ω∗ = ω(t∗) is the angular frequency measured at the time of the phase transition and
w is the enthalpy density. The scalar quantity Hijij(0, ω∗) is the double trace of the four-
dimensional power spectrum of the energy density tensor describing stationary turbulence in
the k→ 0 approximation [99].
2.3.1 Hijij(0, ω) behaviour
The quantity Hijij controls both the peak frequency and shape of the resulting GW signal,
and its functional form varies depending on whether one is considering direct cascade or
inverse cascade turbulence, as we outline in more detail below.
Stage 1 - Model for the direct cascade
In the case of direct cascade turbulence, Hijij takes the form [99]
H
(stage 1)
ijij (0, ω) ≈
7C2k
6pi3/2
∫ kd
k0
dk
k6
exp
(
− ω
2
2/3k4/3
)
erfc
(
− ω
1/3k2/3
)
, (2.9)
where  = k0U
3
f = k0M
3 is the energy dissipation rate per unit enthalpy, M = Uf < 1 is
the turbulent Mach number and Ck is a constant that is O(1). We assume that in the above
integral k0  kd, where k0 is the wavenumber associated with the average bubble radius
that sets the characteristic scale of the turbulence, and kd is the wavenumber associated
with the scale at which the turbulence is dissipated by viscosity. As we are considering
MHD turbulence, we take the prefactor of Eq. (2.9) as 7/6, after doubling the result for pure
hydrodynamic turbulence given in [100] to account for approximate equipartition between
the magnetic and kinetic energy components. The integral (2.9) for direct cascade turbulence
is dominated by large-scale contributions at wavenumbers close to k0, corresponding to the
average bubble radius and, as such, we expect the GW signal for this stage of turbulence to
peak at frequencies close to this scale.
Stage 2 - Model for the inverse cascade
We adopt for the period of freely-decaying inverse cascade MHD turbulence the ‘Model B’
outlined in [99], which was originally based on the work of [102, 103].2 The form of Hijij(0, ω)
associated with the inverse cascade period is then expressed as
H
(stage 2)
ijij (0, ω) ≈
7C21M
3ζ
3/2
∗
6pi3/2k
3/2
0
∫ k0
ks
dk
k7/2
exp
(
− ω
2k0
ζ∗M2k3
)
erfc
(
− ωk
1/2
0
ζ
1/2
∗ Mk3/2
)
, (2.10)
where ζ∗ is the fraction of magnetic helicity left over at the end of the phase transition,
and C1 is a O(1) constant that links the magnetic energy and helicity densities with their
respective power spectra.
3 Spectrum of the SGWB
In order to calculate the spectrum of GW radiation measured today, we redshift Eq. (2.8) to
now and normalise it to the critical energy density required to make the universe flat (k = 0),
2If we had used the ‘Model A’ also outlined in [99], which was originally based on the work of [104, 105],
we would have found the same peak frequency but a mild suppression of the GW peak amplitude.
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namely ρc = 3H
2
0/(8piG), defining the fraction of energy density in GWs today as
ΩGW,0 =
(
a∗
a0
)4 ρGW,∗
ρc,0
=
(
a∗
a0
)
128pi4
3H20
ω3G2w2
∑
m=1,2
τ
(stage m)
T H
(stage m)
ijij (0, ω∗) , (3.1)
where ω = (a∗/a0)ω∗, the enthalpy density w = 4ρ∗/3 = 2pi2g∗T 4∗ /45, and H2∗ = 8piGρ∗/3 =
8pi3Gg∗T 4∗ /90. Rearranging this relation, we obtain G2w2 = H4∗/4pi2, and substituting this
back into the Eq. (3.1) we get
ΩGW,0 =
(
a∗
a0
)
32pi2
3H20
ω3H4∗
∑
m=1,2
τ
(stage m)
T H
(stage m)
ijij (0, ω∗)
=
(
a∗
a0
)
1× 1037
Hz2
ω3H4∗
∑
m=1,2
τ
(stage m)
T H
(stage m)
ijij (0, ω∗) ,
(3.2)
where we have used H0 = h0 × 100 km sec−1 Mpc−1 with h0 = 0.67 [106].
3.1 Stage 1 - direct cascade
3.1.1 Stationary approximation
After normalising Eq. (2.9), we can express the peak frequency of the GW signal due to
direct cascade turbulence at the time of the transition as
fpeak,∗ = 1.48M/R∗ , (3.3)
which after red-shifting gives a peak frequency today of
fpeak,0 =
a∗
a0
fpeak,∗ = 2.45× 10−5 Hz
(
T∗
100 GeV
)(
g∗
100
)1/6 M
R∗H∗
, (3.4)
where we have used the relation
a∗
a0
≈ 8× 10−16
(
100GeV
T∗
)(
100
g∗
)1/3
. (3.5)
The peak amplitude of the direct cascade GW signal can then be written as
Ω
(stage 1)
GW,0 = 7.357× 10−6
(
100
g∗
)1/3
(R∗H∗)
(
τTH∗
)
C2kM
6 , (3.6)
where τTH∗ ≤ 1 is the duration of the Stage 1 direct cascade turbulence normalised to the
Hubble time, R∗H∗ is the average bubble radius at percolation normalised to the Hubble
radius, M is the Mach number and Ck is a constant of order unity.
The τTH∗ factor in Eq. (3.6) tells us that, as expected, the longer lasting the period of
direct cascade turbulence the larger the abundance of GW emitted during this direct cascade
stage. The average bubble size R∗H∗ < 1 sets the characteristic length scale of the problem,
and thereby controls the peak frequency of the GW spectrum arising from direct cascade
turbulence, as seen in Eq. (3.4). A larger bubble radius R∗H∗ also implies fewer bubbles per
Hubble horizon, which in turn means a higher energy concentration as the bubbles convert
vacuum energy from their volume into the walls. After the bubble collisions this results in
a more inhomogeneous energy distribution centred around the scale R∗, and thus a higher
abundance of GWs as exhibited by the factor ∝ R∗H∗ seen in (3.6).
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3.1.2 Other models for direct cascade turbulence
Several other models for approximating the GW signal from direct cascade turbulence have
been proposed in the literature. Generalising (3.3), they may be characterised by the peak
frequency at the time of the phase transition:
fpeak,∗ =
A
R∗
, (3.7)
which is redshifted to the following generalisation of (3.4) today,
fpeak,0 = BHz
T∗
100GeV
(
g∗
100
) 1
6 1
R∗H∗
, (3.8)
where A and B are constants that depend on the way the turbulent GW source is modelled.
They take the following values in some commonly-used source models:
• The stationary approximation discussed above yields A = 1.48M , B = 2.45× 10−5M ,
and the spectra shown as black curves in Figs. 1 & 2 below;
• The tophat approximation yields A = 5.1, B = 8.46 × 10−5 (see Eq. (85) of [7]), and
the spectra shown as dark grey curves in Figs. 1 & 2 below;
• The coherent approximation yields A = 0.586, B = 9.728× 10−6 (see Eq. (80) of [7]);
• The incoherent approximation yields A = 8.64, B = 1.43× 10−4 (see Eq. (76) of [7]).
In the LISA phase transitions working group review paper [24] the main source of GW
signal from plasma flow is associated with sound waves. The GW spectrum for this source
is [98, 107–109]
h2Ωsw,0 = 0.9× 10−6 (R∗H∗) (τswH∗)
(
κvα
1 + α
)2(100
g∗
) 1
3
Ssw(f) , (3.9)
where κsw is the efficiency with which vacuum energy is transformed into bulk motion of the
fluid (and can be easily expressed for fast bubble walls, see Eq. (2.1)), and the spectral shape
is
Ssw(f) = (f/fsw)
3
(
7
4 + 3(f/fsw)2
)7/2
. (3.10)
Finally, there is an additional suppression factor that depends on fluid velocity (see Eq. (2.2))
τswH∗ = min
(
1,
R∗H∗
Uf
)
, (3.11)
which is associated with the time at which shocks develop in the flow [108], and is much less
than one for most models [56, 57, 89, 110]. The peak frequency of the sound wave source at
the time of the phase transition reads
fsw,∗ =
3.38
R∗
(3.12)
which becomes
fsw,0 = 5.61× 10−5 Hz T∗
100GeV
(
g∗
100
) 1
6 1
R∗H∗
(3.13)
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when redshifted to the present day. This contribution provides the light grey curves in Figs. 1
& 2 below.
In order to model the GWs sourced from turbulence, Ref. [24] used the tophat ap-
proximation to estimate the signal for reasons outlined in [7]. Assuming Kolmogorov-type
turbulence, they calculate the associated GW spectrum arising from this model to be
h2Ωturb,0 = 1.14× 10−4 (R∗H∗)
(
κswα
1 + α
) 3
2
(
100
g∗
) 1
3
Sturb(f) , (3.14)
where vw is the wall velocity
3, R∗H∗ is the amplitude suppression factor discussed in the
previous section, and we have also used κsw as the efficiency for conversion of the latent heat
released during the phase transition into MHD turbulence. This comes from our optimistic
assumption that when the flow becomes non-linear and the sound wave period ends, the
remaining energy is readily converted into turbulence. Given that we discuss scenarios in
which the sound wave period lasts a relatively short time, very little energy is lost and we
expect this to be a reasonable approximation. However, in principle there can be an extra
damping factor due to, for example, loss of sound wave energy into reheating the plasma.
The corresponding spectral shape is
Sturb(f) =
(f/fturb)
3
[1 + (f/fturb)]
11
3 (1 + 8pif/h∗)
, (3.15)
where
h∗ = 16.5× 10−6 Hz
(
T∗
100GeV
)(
g∗
100
)1/6
(3.16)
is the inverse Hubble time at GW production redshifted to today. This contribution provides
the dark grey curves in Figs. 1 & 2 below.
3.2 Stage 2 - inverse cascade
In contrast to the direct cascade, the length scale providing the largest contribution to the
H
(stage 2)
ijij (0, ω) quantity used to calculate the GW signal arising from the inverse cascade
period of turbulence is model-independent, being simply set by the Hubble scale. This is
because the majority of the turbulent energy is found around the Hubble scale at the end of
the inverse cascade before it is dissipated due to the expansion of the universe as outlined
in Section 2.2. Taking the value of the Hubble parameter at the phase transition and red-
shifting it to today, we find that the characteristic frequency of the inverse cascade GW
spectrum today is
fhorizon,0 = 1.65× 10−5 Hz
(
T∗
100GeV
)(
g∗
100
)1/6
. (3.17)
As we will see in the examples in the next section, at this frequency the power-law of abun-
dance of GWs changes from ΩGW ∝ f3 as expected beyond the horizon scale [111] to a
flatter plateau composed of contributions from both the direct cascade turbulence and the
helicity fraction dependent inverse cascade turbulence. The size of the plateau depends on
the magnitude of the helicity fraction: for small ζ∗ the signal briefly levels off before reverting
to its original ΩGW ∝ f3 growth rate; whilst for sufficiently large ζ∗ the plateau continues all
the way up to the scale associated with the bubble size at the transition (see Eq. (3.8)).
3We assume vw ∼ 1 in this work.
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Figure 1: Our calculations of GW spectra for fixed T∗ = 100 GeV and ζ∗ = 0.05 (solid black),
0.1 (dashed black), 0.5 (dash-dotted black) and 1.0 (dotted black), compared with calculations
of the spectra from sound waves (light grey) and turbulence (dark grey) taken from [24]. The
value of R∗H∗ increases from left to right and the value of α decreases from top to bottom.
The parameter values are the same as in panel (a) unless specified. The power-law integrated
(PI) LISA [24] sensitivity to the total SGWB spectrum is shown as an orange line and the
PI AEDGE [112] sensitivity is shown as a green line, each for a 4-year integration time.
3.3 GW spectrum plots
Fig. 1 and Fig. 2 compare our calculated GW spectra (black) for representative choices of
the model parameters α,R∗ and T∗ with the LISA [24] and AEDGE [112] sensitivity curves
(shown in orange and green, respectively). The value of M is not an independent quantity,
being related to the magnitude of α (see Eq. (2.2)). Our calculations are for four values of
the helicity fraction ζ∗ = 0.05 (solid), 0.1 (dashed), 0.5 (dash-dotted) and 1 (dotted).
The comparisons in Fig. 1 are for fixed T∗ = 100 GeV and different choices of the
parameters α (going down) and R∗H∗ (going across), describing the strength of the first-
order transition and the bubble size R∗ respectively. We recall that α sets the value of the
turbulent Mach number M through Eq. (2.2). The value of M affects the peak frequency and
amplitude of the direct cascade GW signal through Eqs. (3.4) and (3.6), respectively, whilst
the characteristic amplitude of the inverse cascade GW signal is given by Eq. (2.10).
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Fig. 1(a) shows that, as ζ∗ increases, the size of the low-frequency plateau in the GW
spectrum arising from the inverse cascade period of turbulence, which was discussed in Sec-
tion 3.2, also increases. Indeed, for large enough ζ∗ where the contribution to the GW
spectrum from the inverse cascade period is sufficiently sizeable, the plateau transitions into
a distinct new peak at a frequency slightly below the frequency of the direct cascade peak.
Similar features are seen in Fig. 1(b) and 1(c).
Comparing Fig. 1(a) with Fig. 1(b), we see that decreasing the value of R∗H∗ ≤ 1 both
suppresses the amplitude of the GW signal and pushes it to higher frequencies. This is to be
expected from the analysis in Section 3.1. Furthermore, we see that the relative contribution
of the low-frequency inverse cascade turbulence to the overall GW amplitude decreases with
increasing R∗H∗, because for larger values of R∗ the inverse cascade turbulence has less time
to develop before being washed out by the Hubble expansion.
Comparing Fig. 1(a) with Fig. 1(c) where the value of α (and thus the value of M) has
been decreased, we see that for smaller values of α the peak frequency of the GW spectrum
is shifted to lower frequencies and the amplitude is suppressed.
Comparing our predictions with the tophat approximation favoured in the LISA phase
transitions working group review paper [24] (dark grey curves), we see that the peak fre-
quencies are closer for larger α (and M). The heights of our peaks increase with ζ∗ and are
generally higher than the tophat peaks for α = 1.0, but lower for α = 0.1. Both our calcula-
tions and the tophat approximation for the choices α = 1.0 and R∗H∗ = 0.01 (Fig. 1(a)) and
0.1 (Fig. 1(b)) yield spectra peaking well within the sensitivity of LISA, whereas for α = 0.1
and R∗H∗ = 0.01 (Fig. 1(c)) both peaks lie below the LISA sensitivity.
In Fig. 2 we display comparisons similar to Fig. 1, but now fixing α = 1.0 and R∗H∗ =
0.01 and choosing different transition temperatures T∗. (Fig. 1(a) is repeated here as panel
(c).) The peaks of the calculated spectra shift to larger frequencies for larger T∗. We can
see from Fig. 1(a) that our calculations for T∗ = 1 TeV peak within the LISA [24] sensitiv-
ity, whereas the peak of the tophat calculation peaks within the AEDGE [112] sensitivity.
Fig. 1(b) shows that for T∗ = 10 TeV our peak reaches within the AEDGE sensitivity, whereas
the peak of the tophat calculation peaks at higher frequency.
Our calculations indicate that LISA and AEDGE have complementary capabilities to
detect the SGWB from a first-order phase transition, with the higher frequency range of
AEDGE extending the detectable range of T∗ to higher values.
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Figure 2: Similar to Fig 1 but for fixed α = 1.0, R∗H∗ = 0.01 and varying T∗, which
increases from left to right and decreases from top to bottom.
4 Circular polarisation of the SGWB
4.1 Computation of the polarised GW spectra
The circular polarisation of a GW signal is given by [14, 15]
PGW(k) = 〈h
+?(k)h+ (k′)− h−?(k)h− (k′)〉
〈h+?(k)h+ (k′) + h−?(k)h− (k′)〉 =
IA(K)
IS(K) , (4.1)
where h+ and h− are the states corresponding to right- and left-handed circularly polarised
GWs, and K = k/k0 is a wavenumber normalised to the wavenumber associated with the
bubble radius at collision, k0. The explicit calculation of the polarisation of the GW spectrum
using Eq. (4.2) is only required for the direct cascade period of turbulence where ζ∗ < 1. For
the GW spectrum emitted during the inverse cascade period, on the other hand, we simply
assume that the emitted GW spectrum is fully polarised, on the premise that ζ∗ ' 1 at the
beginning of the inverse cascade stage.
In the particular case of helical turbulence the relevant functions can be approximated
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Figure 3: The degree of polarisation of Stage 1 direct cascade GWs as a function of the
normalised wavenumber K = k/k0, assuming the indicated values of the helicity dissipation
parameter h. The value of h coincides with the initial magnetic helicity fraction ζ∗ for helical
Kolmogorov turbulence considered in this paper.
as [15]
IS(K) '
∫
dP1 P1
∫
dP2 P2 Θ¯
[(
1 + γ2p
) (
1 + β2p
)
PnS1 P
nS
2 + 4h
2γpβpP
nA
1 P
nA
2
]
,
IA(K) ' 2h
∫
dP1 P1
∫
dP2 P2 Θ¯
[(
1 + γ2p
)
βpP
nS
1 P
nA
2 +
(
1 + β2p
)
γpP
nA
1 P
ns
2
]
,
(4.2)
where
γp =
K2 + P 21 − P 22
2KP1
, βp =
K2 + P 22 − P 21
2KP2
,
Θ¯ = θ (P1 + P2 −K) θ (P1 +K − P2) θ (P2 +K − P1) ,
(4.3)
and θ is the Heaviside step function. The parameter h is the fraction of helicity dissipation
as defined in [15], which is related to the magnetic helicity fraction. Assuming helical Kol-
mogorov turbulence as considered in this paper, the values of these two parameters coincide:
ζ∗ ' h [15]. For the symmetric and helical spectral indices we use values nS = −11/3 and
nA = −14/3, consistent with a helical Kolmogorov spectrum. We take the integration limits
in Eq. (4.2) to range from 1 to kd/k0, and simply discard scales larger than the bubble radius
k < k0, which are only relevant to the inverse cascade period of turbulence.
Using ΩGW(k) ∝ k5〈h(k)2〉, we can rearrange Eq. (4.1) to obtain
ΩGW(k)PGW(k) = Ω+GW(k)− Ω−GW(k) , (4.4)
where ΩGW(k) = Ω
+
GW(k) + Ω
−
GW(k). Then, for the helical turbulence model we consider in
this paper, we have
Ω+GW(k) =
1 + Pstage 1GW (k)
2
Ωstage 1(k) + Ωstage 2(k) ,
Ω−GW(k) =
1− Pstage 1GW (k)
2
Ωstage 1(k) ,
(4.5)
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Figure 4: The strengths of the polarised ΩGW,± signals for various values of the initial
helicity fraction, ζ∗ and fixed α = 1.0, T∗ = 100 GeV and R∗H∗ = 0.01. The orange curves
show the power-law integrated sensitivity of LISA for the total GW signal, and the purple lines
show LISA’s power-law integrated sensitivity to the polarised signal assuming polarisation
fractions (see Eq. (4.4)) PGW = 1, 0.1 and 0.01 as the solid, dashed and dot-dashed lines,
respectively.
where we have assumed Pstage 2GW (k) = 1 for the reasons outlined previously. We plot the
degree of polarisation of GWs emitted during Stage 1 direct cascade turbulence in Fig. 3.
We see that Pstage 1GW reaches a peak at K ∼ 2, whose height increases with h = ζ∗, and then
falls for larger K.
Fig. 4 displays the strengths of the signals for different GW polarisations Ω±GW for fixed
T∗ = 100 GeV, R∗H∗ = 0.01, α = 1.0, and various choices of the initial helicity fraction,
ζ∗. We see in Fig. 4(a) that for small ζ∗ . 0.05 the total GW signal ΩtotGW is dominated
by the contribution from direct cascade turbulence with negligible net polarisation, i.e.,
Ω+GW ' Ω−GW. Conversely, the small low-frequency inverse cascade plateau in the signal
emits fully-polarised GW, Ω+GW ' ΩtotGW, as expected from our previously-stated assumption
that ζ∗ ' h. Moving to Fig. 4(b), we see that raising ζ∗ to 0.1 increases the size of the fully-
polarised inverse cascade plateau in the GW signal, an effect that continues until ζ∗ ∼ 0.5
(Fig. 4(c)) where it begins to dominate and transitions from being a plateau into a distinct
new peak of the total GW signal. We see in the lower two panels of Fig. 4 that for ζ∗ & 0.5
the contribution of the fully-polarised inverse cascade GW increasingly dominates that of the
total GW signal, ΩtotGW.
Fig. 5 shows the Ω±GW signal strengths for fixed T∗ = 100 GeV, ζ∗ = 0.4, α = 1.0,
and various choices of R∗H∗. We can see that as R∗H∗ decreases the total GW amplitude
decreases, as expected from the discussion in the previous section. However, the net polarisa-
tion of the signal increases as R∗H∗ decreases. This is because inverse cascade turbulence is
more important at smaller R∗H∗ since the turnover time of the largest eddy, τs, takes longer
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Figure 5: The strengths of the polarisation of the ΩGW,± signals for various values of the
average bubble radius, R∗H∗, ζ∗ and fixed ζ∗ = 0.4 α = 1.0 and T∗ = 100 GeV. The orange
and purple sensitivity curves are the same as in Fig 4.
to reach the Hubble timescale for phase transitions with smaller average bubble radius. Thus
the duration of the inverse cascade stage where fully-polarised GWs are emitted increases,
resulting in a GW signal with larger net polarisation.
Figs. 4 and 5 also feature power-law integrated sensitivities for LISA: the orange curves
are the usual PI sensitivity for the total gravitational wave signal [113], while in purple we
show PI curves for a polarisation signal. We refer the reader to Section 4.2 for a formal
derivation. The interpretation is the same as in the unpolarised case, i.e., a power law with
a polarisation fraction PGW (see Eq. (4.4)) crossing a purple line with the same PGW gives
SNR≥ 10 for a polarisation measurement with LISA.
As can be seen in Fig. 2, the effect of increasing T∗ would be to shift the ΩGW signal to
higher frequencies, without changing the relative amounts of Ω±GW or their dependences on
ζ∗ and R∗H∗.
4.2 Measurements of the SGWB and its polarisation
The signal-to-noise ratio (SNR) for combining two GW detector channels O and O′ is
SNROO′ =
√∫ tobs
0
dt
∫
df
S∗OO′(f)SOO′(f)
Pn,O(f)Pn,O′(f)
, (4.6)
where tobs is the total duration of the measurement and Pn,O(f) and Pn,O′(f) are the noise
spectral functions in the channels O and O′. Following Ref. [23], the signal function SOO′(f)
for a stochastic GW background can be expanded as a function of the peculiar velocity of
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the solar system v = 1.23× 10−3 as
SOO′(f) =
3H20
8pi2f3
∑
λ
{
MλOO′(f) ΩλGW(f)− 4i vDλOO′(f)
[
ΩλGW(f)−
f
4
dΩλGW(f)
df
]
+O(v2)
}
,
(4.7)
where λ = ±1 is the GW helicity and
MλOO′(k) = 4
∫
dΩk
4pi
eab,λ(kˆ)ecd,λ(−kˆ)QabO (~k)QcdO′(−~k) ,
DλOO′(k, vˆ) = 4i
∫
dΩk
4pi
eab,λ(kˆ)ecd,λ(−kˆ)QabO (~k)QcdO′(−~k) kˆ · vˆ ,
(4.8)
are the monopole and dipole response functions and k ≡ |~k| = 2pif . The matrices QabO,O′(~k)
contain the geometries of the detector channels, and the product of the polarisation operators
appearing in the above expressions is given by
eab,λ(kˆ)ecd,λ(−kˆ) = 1
4
(
δac − kˆakˆc − iλacekˆe
)(
δbd − kˆbkˆd − iλbdekˆe
)
. (4.9)
LISA consists of three spacecraft arranged in an equilateral triangle whose sides provide
three baselines, and the combinations of pairs of these baselines form three laser interferom-
eters. We denote the positions of the vertices of the triangle by ~xi and we fix the side length
to L = 2.5 × 106 km [114]. Linear combinations of the three interferometers can be used to
construct three detector channels: A, E and T [115]. In the following we focus on the A
and E channels, which are antisymmetric combinations of the three interferometers. The T
channel, known as the null channel, is symmetric between the three interferometers and is
relatively insensitive to the GW signal. The noise function, assumed to be equal for the A
and E channels so that Pn,A = Pn,E ≡ Pn, is given by [116, 117] 4
Pn(f) =
1
3
[2 + cos (f/f0)]PIMS(f) +
4
3
[
1 + cos (f/f0) + cos
2 (f/f0)
]
PAcc(f) , (4.10)
where f0 = 1/(2piL) = 0.019 Hz and the interferometer measurement system noise is
PIMS(f) = 3.6× 10−41 Hz−1
[
1 +
(
2mHz
f
)4]
, (4.11)
and the acceleration noise is
PAcc(f) = 9.2× 10−52 Hz−1
(
f
Hz
)−4 [
1 +
(
0.4mHz
f
)2][
1 +
(
f
8mHz
)4]
. (4.12)
The QabO (~k) matrices for the O = A,E, T channels are linear combinations of those in the
Michelson basis (i = 1, 2, 3): QabO (~k) =
∑
i=1,2,3 c
i
OQabi (~k) [119], where
c =
 23 −13 −130 − 1√
3
1√
3
1
3
1
3
1
3
 (4.13)
4See also the LISA Data Challenge Manual [118].
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Figure 6: The non-zero monopole response function (left panel) and the dipole response
function (right panel) for LISA. In the right panel the purple and yellow colours indicate
positive and negative values for λDλAE.
and
Qabi (~k) =
1
4
e−i~k·~xi
[
T (kL, kˆ · lˆi)lˆai lˆbi − T (kL,−kˆ · lˆi+2)lˆai+2 lˆbi+2
]
. (4.14)
Here lˆi = (~xi+1 − ~xi)/L is the unit vector pointing from spacecraft i to spacecraft i + 1, all
indices i, i+ 1, . . . are modulo 3, and the detector transfer function is given by
T (kL, kˆ · lˆ) = e−ikL(1+kˆ·lˆ)/2 sinc
[
kL
2
(1− kˆ · lˆ)
]
+ eipikL(1−kˆ·lˆ)/2 sinc
[
kL
2
(1 + kˆ · lˆ)
]
. (4.15)
Using these we can calculate the monopole and dipole functions for LISA.
The monopole functions MλAA and MλEE are equal, non-zero and independent of the
helicity λ, whereas the corresponding dipole functions vanish: DλAA = DλEE = 0. Moreover,
MλAE = 0, so the signal-to-noise ratio for LISA observing a GW monopole signal is therefore
SNRtot =
√
SNR2AA + SNR
2
EE =
√
2 SNRAA . (4.16)
The dipole response function for the AE channel combination is instead non-zero. It depends
on the angle θv between the normal of the LISA’s detector plane and the direction of motion
of the solar system, and the helicity of the signal, DλAE ∝ λ cos θv. The AE channel therefore
probes the circular polarisation of the GW signal and the signal-to-noise ratio for observing
a circularly-polarised signal with LISA is given by
SNRpol =
√
SNR2AE + SNR
2
EA =
√
2 SNRAE . (4.17)
The non-zero response functions MλAA =MλEE and DλAE are displayed in Fig. 6.
In the left panel of Fig. 7 we show the LISA sensitivities for the total GW signal and
its polarisation defined as
Ptot(f) =
Pn(f)
MλAA(f)
, Ppol(f) =
Pn(f)
4vDλAE(f)PGW
, (4.18)
where PGW denotes the fractional polarisation of the GW signal (see Eq. (4.4)). In the
right panel of Fig. 7 we show the power-law integrated sensitivity curves for LISA assuming
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Figure 7: Left panel: The dashed line shows the noise spectral density P
1/2
n for LISA, the
solid red line the corresponding sensitivity for the total GW signal and the solid purple line
the corresponding sensitivity for a fully polarised GW signal, PGW = 1. Right panel: The
power-law integrated LISA sensitivity curves for the total GW signal and polarisation of the
GW signal for a 4-year integration time with different values of the polarisation fraction PGW
(see Eq. (4.4)).
tobs = 4 y and the threshold SNR = 10, for different values of the polarisation fraction
PGW. We find that LISA can observe the polarisation of a fully-polarised GW signal down
to h20ΩGW = 4 × 10−11, in agreement with Ref. [23]. The sensitivity scales as a function of
the polarisation fraction of the signal as 1/PGW.
It is clear from the above discussion that detectors with just a single interferometer
channel, such as a single LIGO detector, cannot detect circular polarisation of the SGWB.
Nor, indeed, can AEDGE or a pair of such detectors. On the other hand, missions with
one or more triangular sets of interferometers such as ALIA, BBO [120], DECIGO [121] and
AMIGO [122] would be sensitive to polarisation of the SGWB at higher frequencies than
LISA.
5 Results for the LISA sensitivity to the SGWB and its polarisation
We now assess the sensitivity of LISA to both the SGWB and to its circular polarisation,
as would be generated by helical turbulence following a first-order phase transition. To do
this we take an approach with the least possible sensitivity to the underlying particle physics
model, calculating the transition strengths and temperatures, bubble sizes, and helicity frac-
tions required to obtain a LISA SNR value greater than or equal to 10. This requires us to
draw upon much of the analysis in the previous sections, first calculating the contributions to
the total GW spectrum (Eq. (3.2)) from both direct cascade (Eq. (2.9)) and inverse cascade
(Eq. (2.10)) turbulence for a particular point in parameter space and then computing the
associated circularly-polarised spectrum (Eq. 4.5). Finally, we translate both signal types
into the LISA SNR values associated with the total GW spectra (Eq. (4.16)) and its polarised
counterpart (Eq. (4.17)).
The left panels of Fig. 8 display reaches in the (R∗H∗, α) plane for a LISA measurement
of the overall strength of the total SGWB signal with a signal-to-noise ratio SNRtot = 10,
with larger values of SNR found in the shaded regions above these lines. The panels from
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top to bottom correspond to T∗ = 10 GeV, 1 TeV and 10 TeV, and the various contours
correspond to different values of the initial helicity fraction ζ∗. Thus, if a parameter point is
enclosed within the shaded area of a given ζ∗ contour, one can infer that a GW signal with
this value of ζ∗ would be detectable by LISA with an SNR ≥ 10. The red crosses correspond
to sample frequency spectra plotted in the indicated previous Figures for fixed R∗H∗, α and
T∗, which exemplify the spectral sensitivity of LISA to the GW signal.
As expected, the largest detectable signals in all three panels come from larger values
of R∗H∗, where the number of bubbles per horizon is smaller and thus the average bubble
radius at collision is larger. As R∗H∗ decreases we see that increasingly large values of the
helicity fraction, ζ∗, are required to obtain a signal with SNRtot & 10. Thus GW emission
from the inverse cascade turbulent period is increasingly important for LISA to be sensitive
to the total GW signal for smaller values of R∗H∗. This can be traced back to the R∗H∗
suppression of the GW amplitude produced in a direct cascade that is a general feature of
the models used to describe GW emission from turbulence (see Section 3).
We see from the different contours that increasing the initial helicity fraction increases
the total SNR, in agreement with the increasing strength of the GW signal shown for different
values of ζ∗ in Fig. 1. In general, the GW signal should be detectable at a level of SNRtot & 10
for α & 1 and R∗H∗ & 10−3 for a transition at T∗ = 100 GeV. For larger values of T∗, larger
values of R∗H∗ are needed for SNRtot = 10 measurements, though smaller values of α are
sufficient.
We also see in the left panels of Fig. 8 that for large values of R∗H∗ the position of the
SNRtot = 10 contours are approximately independent of ζ∗ and depend only on α, whereas
for smaller values of R∗H∗ the contour lines have a greater dependence on the value of ζ∗
associated with the contour. This is explained by the fact that for large R∗H∗ the contribution
of inverse cascade period is minimised as the large average bubble radius at collision means
inverse cascade turbulence cannot operate for very long before being washed out by the
Hubble expansion. Thus increasing ζ∗ does relatively little to increase the amplitude of
the signal (see Fig. 1(b)) and has minimal effect on its sensitivity to LISA. Conversely, for
small R∗H∗ the inverse cascade can operate for far longer before being washed out by the
expansion, and thus the potential contribution from the inverse cascade to the total GW
signal can be much larger (see Fig. 1(a)). As larger values of ζ∗ result in greater importance
of the inverse cascade period for the total GW signal, it follows that in the low-R∗H∗ region
of the parameter space, the SNRtot is much more sensitive to the value of ζ∗.
The right panels of Fig. 8 display the corresponding reaches in the (R∗H∗, α) plane for a
LISA measurement of the circular polarisation of the SGWB with SNRpol = 10. As expected
the reach is smaller than for the total GW signal, but we see that many of the qualitative
features of the plots of SNRtot described above are also present in the polarised case. Whilst
detection prospects for circular polarisation in the SGWB are strongest for large R∗H∗ where
the suppression in the amplitude of the spectra is minimised (see Fig. 5), in order for LISA to
be able to probe a circularly-polarised signal at small R∗H∗, larger values of ζ∗ are required
to compensate for the suppression R∗H∗ introduces into the total GW signal. Larger ζ∗
means fully-polarised GWs from the inverse cascade period make an increasingly important
contribution to the total GW signal, raising the amplitude of Ω+GW relative to Ω
−
GW and
increasing the prospects for detection by LISA of circular polarisation in the SGWB from a
phase transition.
Comparing the right panels of Fig. 8, we see that for smaller values of the helicity
fraction, ζ∗ . 0.2, LISA is most sensitive to polarisation of the GW signal when the transition
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temperature is T∗ = 1 TeV. This can be understood by looking at Fig. 2 and noting that, of
the three transition temperatures, the T∗ = 1 TeV spectrum peaks at the optimal frequency
to be sensitive to the fully-polarised low-frequency inverse cascade plateau that develops in
the signal for small ζ∗.
As seen in the right hand panels of Fig. 8, in the polarised case the positions of the
SNRpol = 10 contours exhibit a larger relative dependence on ζ∗ at large R∗H∗ than their
SNRtot counterparts. Whilst in the Ω
tot
GW case the low-frequency inverse cascade contribution
was less important for larger R∗H∗, in the polarised case it has a larger impact. Even when
considering the case of a low-frequency plateau in the signal associated with relatively low
helicity inverse cascade turbulence (see see Fig. 4(a)), fully-polarised GW are still being
emitted, implying that relatively small changes in the value of ζ∗ can have a larger effect on
the net polarisation of the SGWB and the ability of LISA to probe it.
As seen in the top right panel of Fig. 8, for larger values of the helicity fraction, ζ∗ & 0.3,
the parameter space in which SNRpol > 10 expands significantly in the T∗ = 100GeV case,
allowing a larger range of small R∗H∗ values to be probed by LISA. This can be understood
by referring to the T∗ = 100GeV spectrum plot in Fig. 1(a) and noting that for intermediate
values of the helicity fraction, 0.1 . ζ∗ . 0.5 the low-frequency, fully-polarised inverse cascade
plateau transitions into a new, distinct peak, and in so doing becomes rapidly more sensitive
to the frequency band where LISA is most sensitive.
Similar behaviour is seen for the T∗ = 1 TeV case shown in the middle panel of Fig. 8,
though less pronounced, because the GW spectra for this transition temperature peak at
higher frequencies where LISA is already more sensitive to the fully-polarised inverse cascade
plateau.
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Total signal Polarised signal
Figure 8: Signal-to-noise (SNR) = 10 contours in the (R∗H∗, α) plane for T∗ = 100 GeV
(top), T∗ = 1 TeV (middle) and T∗ = 10 TeV (bottom), for a LISA measurement with a
4-year observation time. In the left panels the SNR is shown for the total SGWB signal
and in the right panels for observing the polarisation of the SGWB. The different contours
correspond to various values of the initial helicity fraction ζ∗, as shown in the plots. The red
crosses correspond to sample GW spectra for fixed α, R∗H∗ and T∗ plotted in the indicated
previous Figures, which allow comparison of the LISA sensitivity to the GW signal for ranges
of ζ∗ values.
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6 Conclusions
We have analysed in this paper the prospects for detection of circular polarisation of the
stochastic GW background produced by a first-order phase transition at a temperature T∗ ≥
100 GeV. We focused on an analytical model for the sourcing of GWs by MHD turbulence
produced in the plasma during the transition. Crucially, the model allows us to describe not
only a direct energy cascade in the plasma but also an inverse cascade that develops if there
is some initial helicity fraction in the fluid motion, usually sourced from helicity left over in
the magnetic field after the transition. The direct cascade describes energy transferred into
smaller scales, and the resulting signal peak corresponds to the characteristic scale of the
transition, which is related to the average bubble size R∗.
If some initial helicity fraction is present in the plasma, then the helical component of
the energy in the MHD turbulence will be conserved during the direct cascade, whilst the
non-helical part will be dissipated away at small scales due to the plasma’s intrinsic viscosity.
This results in a period of inverse cascade MHD turbulence following the direct cascade,
where the turbulence is fully helical and energy in the turbulence is instead transferred to
increasingly large scales. This process lasts for the rest of the Hubble time, and continuously
produces a GW signal forming a plateau in wavelength that extends to the horizon size.
Critically, the signal produced during this second stage of the turbulence will be circularly
polarised and, provided the initial helicity fraction is large enough, it results in an overall
stochastic background with a significant degree of polarisation.
We have compared our results with the more common description of fluid dynamics
involving a sound wave period followed by a tophat approximation to the turbulence. The
crucial difference between the models is the characteristic scale, which depends in the model
we use not only on the bubble size but also the Mach number. This induces a dependence
on the average fluid velocity which becomes lower in weaker transitions, causing the GW
spectrum to peak at lower frequencies.
We have revisited the capability of future GW detectors to measure the polarisation of a
SGWB background, focusing on LISA. We find that in the model we use to describe the signal
arising from MHD turbulence following a phase transition, detection with SNRpol > 10 could
be possible. However, this would require a sufficiently strong phase transition with α ' 1 as
well as either a large helicity fraction close to unity or large bubbles of sizes approaching the
horizon size. The smaller the helicity fraction, the more supercooled the transition would
have to be to produce an observable polarisation in the stochastic GW background signal.
We conclude that LISA may have a significant opportunity to measure polarisation of the
SGWB. However, we emphasise several caveats. The strength of any such signal is sensitive
to the strength of the underlying first-order phase transition and the sizes of the bubbles it
produces. In particular, potentially observable signals would require a significant amount of
supercooling, potentially leading to new difficulties in modeling the turbulence not yet taken
into account. Moreover, the chances of such a measurement depend crucially on the seeding
of some helical turbulence in the primordial plasma. We emphasise also that the model
we have used to calculate the amount of polarisation certainly requires improvement, and
should be tensioned against other models as they emerge. We look forward to improvements
in understanding any possible cosmological first-order phase transition and the possible origin
and magnitude of helical turbulence, and improvements in modelling their consequences.
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